A robust measurement method for measuring the vertex position of a small polyhedron using 3D image processing is proposed. The shape from focus method is applied for obtaining 3D positions of surfaces of the polyhedron. The in-focus function is usually averaged for reducing noise, but the resultant function lacks sharp edge information of the target. The position of the vertex is indirectly calculated from 3D data using the geometrical model of the polyhedron. In this study, relationships between measurement noise and (a) the appropriate number of data values required for averaging of focal measurement and (b) the area of data fitted by the Gaussian function are investigated. Then, error propagation analysis is applied to the equations of the indirect measurement of the vertex position. By using the geometrical characteristics of the polyhedron, the vertex position measurement is made robust against measurement errors. The effectiveness of the proposed method is confirmed by numerical simulations and experiments.
Introduction
A robust measurement method for measuring the vertex position of a small polyhedron using 3D image processing is proposed. This method can be used for measuring the protrusion height of diamond abrasive grains for precise grinding work. The shape from focus (SFF) method is applied to obtain 3D positions on surfaces of the polyhedron.
The SFF method can be used to detect 3D positions by using simple and inexpensive hardware. In the real world, there exist several types of noise such as dark current noise, and quantization of the signal of CCDs and averaging of the in-focus function are usually applied to reduce such noise (1) - (4) . However, the averaged function lacks sharp edge information of the measurement target. Hence, we measure the position of a vertex from indirect calculation using 3D position data and the geometrical model of the polyhedron. The measurement error propagates to the position error of the vertex through the indirect calculation. However, the error analysis of the SFF method has not been carried out yet. In this study, the error propagation analysis is applied to the position measurement of the vertex, and a measurement method that is robust against noise is proposed. First, relationships between image noise and the in-focus function are investigated. An appropriate data range for fitting the Gaussian function and the data area for averaging are determined. Then, two indirect calculation methods for calculating the vertex position on surfaces of the polyhedron 3D position data are proposed. By applying the error propagation analysis to the indirect calculation, the contribution of the measurement error of the points on the surface to the calculation error of the vertex using the geometrical characteristics of the polyhedron is reduced. The relationships between data area and (a) the number of position data values and (b) the measurement error of the vertex position are also investigated. The effectiveness of the proposed measurement method is confirmed by numerical simulations and experiments.
Error Propagation Analysis of In-focus Measurement

Determination of Shape from SFF Method
(1)- (4) The distance d between a camera and a measurement target is changed as shown in Fig.  1 . The relation between a focus measure FM(x,y) at the position (x,y) of a CCD and d is approximately expressed by a Gaussian function as
The peak value F p and the standard deviation σ F of the Gaussian function are determined by the parameter of the camera lens and the texture frequency of the target surface. FM(x,y) is calculated using the sum modified Laplacian (SML) and the pixel intensity of the CCD as follows:
In Eq. (2), p denotes distance for the derivation of the SML. Equation (3) implies that FM is averaged using )
FM is calculated for different values of d using Eq. (3). Then, the in-focus position d p , the peak of the focus measure, is obtained by fitting FM data with the Gaussian function. In this paper, this fitting calculation is called as in-focus measurement. 
Error in In-focus Measurement
FM also includes noise such as dark current and quantization of the signal of CCD. Such noise propagates to the in-focus position error. Several images of 50 lines/mm Ronchi rulings (Fig. 3) were obtained by changing d in steps of 25-µm pitches. A telecentric lens with a magnification of 2, an effective F number of 10.1, and a working distance of 65 mm and a CCD camera with 1392×1040 pixels in 1/2 inch, and a pixel size of 4.65 µm × 4.65 µm were used as the sensing device. Figure 4 illustrates the result of the in-focus measurement. FM along a line perpendicular to the ruling is calculated for the conditions p = 1 and (2N + 1) = 21. d p is calculated using the nonlinear least squares method from Eq. (1) and the measured FMs. However, each FM does not precisely fit to the Gaussian function because of the noise in FM data. This leads to the introduction of an error in d p . As observed in Fig. 4 , diffraction ring patterns appear near both ends of the bell-shaped Gaussian function. The data corresponding to this part are obtained from fitting calculations.
From the experiment, the standard deviation of the Gaussian function, σ F , is found to be 100 µm. ) shows the relationship between the standard deviation of the in-focus position, σ dp , and the data area used for the in-focus measurement. The black circles in Fig.  5 (a) indicate the experimental results. Each σ dp is calculated along a line of length 230 µm in the image. In Fig. 5 (a), 3 data values-from the peak and both sides of the Gaussian function-are used for the in-focus measurement. σ dp µm σ dp µm experiment analysis experiment analysis 
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σ dp decreases when the data area is larger than 2 / F σ ± . Figure 5 (b) shows σ dp for different number of data values, i.e., 3, 5, and 9 in F σ ± data area. σ dp is independent of the number of data values.
Data area is assumed to be equal to F σ ± and number of data values is assumed to be equal to 3 for robust measurement for practical cases.
Error Analysis of In-focus Measurement
The error propagation analysis of multi-inputs and multi-outputs (5) is applied to Eq. (1) after taking the logarithm of each side. The error propagation equation becomes
where the superscript + denotes the pseudo-inverse of a matrix, and K is the number of data values used for the in-focus calculation of regression. In a previous study, σ FM , the standard deviation of ∆ln(FM), was found to be equal to 0.04. The standard deviations of the in-focus position with the change in data area and data numbers are calculated to be σ FM = 0.04. The results are shown in Fig. 5 , indicated by white squares. The results of the error analysis roughly coincide with the experimental results. This shows that the propagation of the in-focus measurement error is can be expressed by Eq. (4).
Relationship between Error Propagation and Averaging
Images of the Ronchi rulings of 30, 50, and 70 lines/mm are obtained by changing d in steps of 50 µm pitches. Setting p = 1 in Eq. (2), the standard deviation of the in-focus position is derived from the image data by changing the averaging area 2N + 1 from 11 to 41. Experimental results and results of the error propagation analysis are shown in Fig. 6 by black circles and white squares, respectively. The results of the error propagation analysis also roughly coincide with the experimental results. The data range for the in-focus calculation of regression is F σ ± for each case. σ dp of the in-focus position is sufficiently small when the averaging size 2N + 1 is larger than 21.
F p of the Gaussian function increases with the spatial frequency of the Ronchi rulings. On the other hand, for a given spatial frequency of the Ronchi rulings, F p is remains constant with the changed in the averaging size. Because F p is not included in the error propagation matrix given in Eq. (4), the measurement error is not influenced by the value of F p . σ dp µm experiment analysis The experimental relationship between σ FM and the averaging size with a change in the spatial frequency of the rulings is shown in Fig. 7 . σ FM decreases with increasing averaging size. Consequently, σ dp of the in-focus position decreases with increasing averaging size, as shown in Fig. 6 .
Measurement of Vertex Position of Polyhedron
Measurement Methods of Edge Shape
Abrasive grains of diamond, the measurement target of our research, have the shape of a polyhedron. The edges and peaks of the polyhedron function as cutting edges during grinding. The SSF method can be used to detect points on a flat surface of a polyhedron, but shape around edge is obtunded by the averaging of the previous section.
Hence, by using the data of points on surfaces excluded around the edge of a polyhedron, the position of a peak can be indirectly measured from the geometrical characteristics of the polyhedron.
Geometrical Model of Polyhedron
The coordinate system Σ 0 of a polyhedron is shown in Fig. 8 . The point p 0 , the origin of Σ 0 , coincides with a peak of the polyhedron, the position of which is to be measured. Let π i (i=1,...,N) be a surface of the polyhedron including the point p 0 . On each surface, the origin of the coordinate system Σ i coincides with p 0 and z axis is normal to π i . The coordinate transformation from Σ 0 to Σ i is expressed by homogeneous transformation as follows:
where Rot(k,θ) is a 4 4× rotational matrix around k (k = x, y, z) axis with angle θ. The coordinate system for the measurement of points on surfaces is defined as Σ m , as shown in 
The superscript on the left indicates the coordinate system in which the variable is defined.
A coordinate transformation matrix, which expresses the origin (p,q,r) and directions (λ,ω,θ) of Σ 0 referred in Σ m , is defined as
The origin p 0 = (p,q,r) is the position of the vertex to be measured. Two type of methods for measuring the vertex position, (i) without and (ii) with using the geometrical characteristics of the polyhedron, are investigated. This method requires only the information regarding the intersection point of the vertex p 0 and the surface π i . Geometrical characteristics of the polyhedron, such as those given by Eq. (5), are not necessary for this method. Hence, this method is useful for measuring the shape of abrasive grains, which have uneven geometrical characteristics such as shape and size.
Measurement Method of Geometrical Characteristics of Polyhedron
The diamond grains selected for precise grinding have shape of uniform polyhedron. Apex angles or angles between surfaces of the polyhedron are considered as parameters in the geometrical model given by Eq. (5). The measured data are fitted to the model surface using the coordinate transformation matrix given by Eq. (7) by the nonlinear least squares method. (11) and (14). In the following section, a measurement method that is robust against these errors is derived by applying the error propagation analysis.
Robust Measurement of Vertex Position
Error Propagation Analysis
First, the error propagation equation for measurement without using the geometrical characteristics is derived. The measurement model given by Eq. 
Evaluation of Error Propagation
For simplicity, Eqs. (17) and (19) are rewritten as follows:
The range of the position measurement errors is given as 21), the lower is the influence of the direct measurement error on the indirect measurement, i.e., robust measurement is achieved. The singular values of the error propagation matrix are used as a measure of robustness.
Robust Measurement of Vertex Position of Polyhedron
The diamond tip of a micro Vickers hardness testing machine is used as an example of the measurement target. The tip is shaped like a pyramid with a face angle of 136°. Next, we carry out numerical simulations to test the robust measurement method.
A data set of points on each surface is selected, as shown in Fig. 9 . The area of measurement is described with offset and square size, as shown in the figure. Data around the edges are excluded by the offset because shape around the edge obtunded by the averaging. T is given in this section.
First, a data set with an offset of 0.06 mm, a square size of 0.12 mm, and 49 data values in the square are selected on each surface. With adding flat distributed error of 1 ± µm range on each data, the position of the vertex is calculated by method 1, without using the geometrical characteristics of the polyhedron and method 2, using the geometrical characteristics. The dots in Fig. 10 indicate measurement errors in the vertex position obtained by carrying out calculations 1000 times. Error ellipsoids of ± 3σ are derived from Eq. (21) and are superimposed on Fig. 10 . As shown in Fig. 10 , scope of the measurement error coincides with volume of the error ellipsoid. Thus, the validity of the analysis of the error ellipsoid has been confirmed. Next, the relationships between the robustness of the measurements and (a) offset, (b) square size, and (c) the number of data values are examined by using the singular values of the error propagation matrix as a measure. As shown in Fig. 11 (a) and (b) , the measurement of the vertex position becomes more robust when the offset is reduced and the square size is increased. In all cases, method 2, using the geometrical characteristics of the polyhedron, is more robust than method 1, without using them. Positional data of the z axis direction are neither influenced by values of the offset nor the square size. The measurements become more robust when number of data values is increased, as shown in Fig. 11 (c) . However, the robustness is not strongly affected by excessively large number of data values.
The amplitude of the singular value indicates the dimension of error propagation. This implies that if the singular value equals 1 and the standard deviation of each data equals 1 µm, the standard deviation of the measurement of the vertex position equals 1 µm.
Measurement of Actual Target
The vertex position of an actual diamond tip was measured by the proposed method. A telecentric lens with a magnification of 10 and NA = 0.23 and a CCD camera with size of 1/2 inch and 1040 1392 × pixels were used as the sensing device. Several images were obtained by changing d in steps of 10 µm pitches. Each image was compressed to 480 640 × size for reducing computational burden. The result of the measurement is shown in Fig. 12 . A data set with an offset of approximately 0.06 mm, the square size of 0.12 mm, and 49 data values in the area were measured on each surface. The position of the vertex was obtained using the geometrical characteristics of the polyhedron (method 2). The result was obtained from the numerical simulations described in the previous section showed that robust measurement was achieved. A comparison with the true value will be carried out in future studies.
From Fig. 12 , a flat surface of the polyhedron was measured as a step pyramid by using the SFF method. A systematic error due to diffraction by the lens and quantization of the image data is introduced in the measurement. In this study, the systematic error has not been dealt with, only the random error is considered. The error analysis of the systematic error will also be considered in future studies.
Conclusion
A robust measurement method for the measurement of the position of a vertex of a polyhedron has been proposed. The shape from focus (SFF) method is applied to obtain 3D positions of surfaces of the polyhedron. The position of the vertex is indirectly calculated from the 3D data. Robust measurement is achieved as follows:
(1) At the point measurement on the surface by the SFF method, data area for the in-focus measurement is larger than (2) In the case of the calculation of the vertex position, robust measurement is achieved by using the geometrical characteristics of the polyhedron.
(3) For the data acquisition of the surface, the measurement of the vertex position become more robust when the offset is decreased and the square size is increased.
The effectiveness of the proposed measurement method has been confirmed by carrying out numerical simulations and experiments.
